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Abstract 

We discuss some aspects of the composition structure of twisted Verma modules for the 
Lie algebra sl(3,C), including the explicit structure of singular vectors for both s[(3, C) and 
one of its Lie subalgebras s[(2,C), and also of their generators. Our analysis is based on 
the use of partial Fourier tranform applied to the realization of twisted Verma modules as 
I>-modules on the Schubert cells in the full flag manifold for SL(3, C). 
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Introduction 

The objects of central interest in the representation theory of complex simple Lie algebras are 
the Harish-Chandra modules. It is well known that there is a categorical equivalence between 
principal series Harish-Chandra modules and twisted Verma modules as objects of the Bernstein- 
Gelfand-Gelfand category O. The twisted Verma modules are studied from various perspectives 
including the Lie algebra (co)homology of the twisted nilradical, the Schubert cell decomposition 
of full flag manifolds and algebraic techniques of twisting functors applied to Verma modules, in 
m, m, [13] and references therein. 

Combinatorial conditions for the existence of homomorphisms between twisted Verma modules 
were studied in [1], but there is basically no information on precise positions and properties 
of elements responsible for a non-trivial composition structure of twisted Verma modules. The 
modest aim of the present article is the study of some aspects related to the composition structure 
of twisted Verma modules for the Lie algebra s[(3, C) by geometrical methods, through their 
realization as ©-modules supported on Schubert cells, cf. Ill: m- Namely, we discuss in the case 
of s[(3, C) a few results parallel to the development for (untwisted) generalized Verma modules in 

El, E|. 











Let us briefly describe the content of onr article. First of all, in Section [T] we briefly review 
various characterizing properties of twisted Verma modnles compared to the untwisted Verma 
modnles. Based on the action of a simple Lie algebra on its full flag manifold, see e.g. [7], [TU] for 
rather explicit description, in Section we write down explicit realizations of the highest weight 
twisted s((3, C)-Verma modules. For all twistings realized by elements w of the Weyl group W, 
the isomorphism given by a partial Fourier transform allows ns to analyze several basic questions 
on twisted Verma modules not accessible in the literature. We shall carry out this procedure 
for the structure of singular vectors and the generators of sl(3, C)-Verma modules twisted by 
w = si- Another our result concerns the application of ideas on the decomposition of twisted 
Verma modules with respect to a reductive Lie subalgebra s[(3, C), thereby generalizing the results 
analogous to [12] towards the twisted Verma modules. Here we consider the simplest example of 
an embedded s[(2, C) C sl(3, C) and produce a complete list of singular vectors responsible for the 
branching problem of twisted s 1(3, C)-Verma module. In our situation we also observe that the 
si-twisted sl(3, C)-Verma modules are generated by single vector (which is not of highest weight), 
a property analogous to the case of (untwisted) Verma modules. In the last Section |3| we highlight 
our results in the framework of (un)known properties of the objects of the Bernstein-Gelfand- 
Gelfand category O (see e.g. m- 


1 Twisted Verma modules and their characterizations 


Let G be a connected complex semisimple Lie group, H G G a, maximal torus of G, i? C G a 
Borel subgroup of G containing H, and W = Ng{H)/H the Weyl group of G. Furthermore, let g, 
f) and b be the Lie algebras of G, H and B, respectively. Finally, let n be the positive nilradical 
of the Borel subalgebra b and h the opposite (negative) nilradical. We denote by N and N the 
Lie subgroups of G corresponding to the Lie subalgebras n and h, respectively. 

The objects of our interest are the twisted Verma modules M^(A), parametrized by A € []* and 
the twisting w G W. The twisted Verma modules M^(A) have for all tc S IV the same character 
as the Verma module M®(A) induced from the 1-dimensional b-module Ca, 

M^i\) = M;{\) = UiB) ^uib)Cx, 

with highest weight A G f)* and e G W. However, the extensions of simple sub-quotients in twisted 
Verma modules differ from extensions in Verma modules. As U (g)-modules they are objects of 
the Bernstein-Gelfand-Gelfand category O, i.e. finitely generated f7(g)-modules, f)-semisimple and 
locally n-flnite. 

Let us denote by e and Wq the identity and the longest element of W, respectively, and let 
l\W —>• No be the length function on W. The Weyl group W acts by p-affine action on f)*, 
w ■ X = w(X + p) — p, and gives four Lie subalgebras 

1) h = n“©h“: n“ = h n Ad(zi;)(n), h“ = h n Ad(w)(h), 

2) n = n+©h+: n+= n n Ad(w)(n), h+= n n Ad(r(;)(h). 

The universal enveloping algebra U{n~) is a graded subalgebra of L'(h), determined by t/(n~)o = 
C, U{n~)-i = for all w G W, and G(n“) = C, U(n~g) = C/(h). The graded dual of U{n~) is 
defined by (G(n“))* = Homc((C/(n"))_„, C) for all n G Z. 

There are several equivalent characterizing properties of twisted Verma modules M^{X) for 
A G ()* and w G W, see m, 0 Chapter 12] for detailed discussion. 

1) The Lie algebra cohomology of the twisted opposite nilradical © h“ = Ad(r(;)(h) with 
coefficients in M“(A) is 


H\n+(Bn-,M^{X)) 


Cx+w{p)+p if f = dimn - £(«;), 
0 if i ^ dimn — £{w) 


( 1 . 1 ) 
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as [}-modules. In particular, M^{X) is a free I7(Ad(ii;)(n) nn)-module, while its graded dual 
(M“(A))* is a free {7(Ad(r(;)(h) nn)-module. 

2) Let us consider the full flag manifold G/B and the Schubert cell for w & W defined as 
the A-orbit Xw = NwB/B C G/B, where dimA^, = i{w). Then there is an isomorphism 
of 17(g)-modules for the local, relative to X^, sheaf cohomology of a homogeneous vector 
bundle -C(A), 


H\,JG/B,C{\)) 


Mg{wwo-X) if i = dimn — £(rc), 
0 if * 7 ^ dimn — £{w). 


( 1 . 2 ) 


In particular, the Verma modules are supported on the closed Schubert cell while the con- 
tragradient Verma modules are supported on the open (dense) Schubert cell. 

3) For w e W, the t/(g)-bimodule Syj = C/(g) (fA(n“))* allows to define a functor 

Tu,: 0—^0 (called twisting functor) by 


T^: M ^ ip^{Su,®u{5) ^)- ( 1 - 3 ) 

Here ^pu] = Ad(w“^): g —>■ Aut(g) indicates the conjugation of the action by g on the twisted 
module. In particular, we have M“(A) = Tyj{M^(w ■ A)). 

Twisted Verma modules M“(A) for A € t)* and w can be realized in the framework of 

I?-modules on the flag manifold A = G/B. There is a G-equivariant sheaf of rings of twisted 
differential operators on A, see [3], [5], which is for an integral dominant weight A + p a 
sheaf of rings of differential operators acting on £(A + p). The G-equivariance of ensures the 
existence of a Lie algebra morphism 


ax-.Q^T{X,V/,) (1.4) 

and a localization functor 

A: Mod(g)Mod(T'x)- (1-5) 

Then the P^-module A(M“ {w{X — p))) is realized in the vector space of distributions supported 
on the Schubert cell A^, of A, see O Chapter 11]. 


2 Twisted Verma modules for 5((3,C) 


We shall consider the complex semisimple Lie group G = SL(3, C) given by 3 x 3 complex matrices 
of unit determinant and its Lie algebra g = s[(3, C). The Cartan subalgebra () of g is given 
by diagonal matrices t) = {diag(ai, 02 , 03 ); 01 , 02,03 G C, 01+02 + 03 = 0}. For i = 1,2,3, 
we define et G t)* by ei(diag(oi, 02 , 03 )) = oi. Then the root system of g with respect to t) is 
A = {si — Ej-, 1 < i ^ j < 3}, the positive root system is A+ = {si — ej; 1 < i < j <3} and 
the set of simple roots is H = {ai, 02 }, ai = ei — £ 2 , a 2 = £2 — £ 3 - The fundamental weights are 
uji = £ 1 , 602 = £1 + £ 2 , and the smallest regular integral dominant weight is p = wi + a; 2 . The 
notation A = (Ai, A 2 ) means A = AiWi + A 2 W 2 . 

We choose the basis of root spaces of g as 


fi 


61 — ^ai 


/O 0 
1 0 
\o 0 

/O 1 
0 0 
\0 0 


/O 0 0 \ 

/2 = /«. = 0 0 0 , 

VO 1 0 ; 

/O 0 0 \ 

62 = e„2 = 0 0 1 , 

Vo 0 0/ 


/O 0 0 \ 

/12 = fai+a 2 ~ I 0 0 0 j , 

Vi 0 oj 

/O 0 1 \ 

612 — ^ai+a 2 — I 0 0 0 I , 

Vo 0 0/ 
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and the basis of the Cartan subalgebra [} is given by coroots 


1 

0 

oV 


0 

0\ 

0 

II 

s 

II 

-1 

0 

1 r 

, ^0:2 I ^ 

1 

0 

\0 

0 

0 

lo 

0 

- 1 / 


These matrices fulfill, among others, the commutation relations , /q.^] = —fa^+a 2 , Ca^] = 

Cai+a2 • 

The Weyl group of G is generated by simple reflections si = Sai and S 2 = Saai where the 
action of IT on ()* is given by 


si(ai) — —Oil, 51 ( 02 ) — oi + 02, 52 ( 01 ) — oi + 02 , 52 ( 02 ) — — 02 , 

and I IT I = 6 with IT = {e, 5 i, 52 , Si52,525i, Si525i = 525152 }. Consequently, there are six Schubert 
cells Xw in G/B isomorphic to ~ 

dim(Xe) = 0, dim(XsJ = dim(Xs 2 ) = 1, dim(Xs^s 2 ) = dim(Xs 2 sJ = 2, dim(Xs^s 2 sJ = 3. 


For the representatives of the elements of IT in G we take the matrices 


e = 


Si 52 = 



0 

1 

0 




Si = 


S 2 S 1 = 



1 

0 

0 





S 1 S 2 S 1 = 0 

VI 


0 

0 

-1 

0 

-1 

0 


We denote by (x, y, z) the linear coordinate functions on n with respect to the basis (/i, / 2 , / 12 ) 
of the opposite nilradical fi, and by the dual linear coordinate functions on fi*. 

Let us consider the partial dual space n*’“ of ia defined by 


= (n--0* 


' n,„-i 


( 2 . 1 ) 


so that 


o e w"^(A+) n A+, xa, oe w"^(-A+)nA+) 


( 2 . 2 ) 


with Xai = X, Xa2 = J/, a^ai+a2 = are linear coordinate functions on n*’“. Moreover, the Weyl 
algebra /1| of n is generated by {x, dx, y, dy, z, d^}, and the Weyl algebra .A2.,„ of is generated 
by 


a e w ^iA+) n A+, Xa,dx^, a € w ^(-A+)nA+}. 


(2.3) 


There is a canonical isomorphism : yi| —of associative C-algebras called the partial 
Fourier transform, defined with respect to the generators (12.3p by 


Xa>-^-d^^^, for a G w ^(A+)nA+, 

Xa ^ Xa, dx^ ^ dx^, for a e w' ■^(-A+) n A+. 


The partial Fourier transform is independent of the choice of linear coordinates on n. 

The Verma modules M®(A — p), A G ()*, can be realized as for G the left ideal of 

defined by G = (x, y, z), see e.g. m- The structure of g-module on A^/Ie is realized through the 
embedding : g —>• given by 


T,x{X) = - ^ 
aGA+ 


ad(u(x))e®'‘^*^“fob 

gad{u{x)) _ 


(e-^dG(^))A)n 


a 


(A + p)((e-"d(“fo))x)i,) 


(2.5) 
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for all ^ S g, where \Y]a denotes the a-th coordinate of F S h with respect to the basis {fa, a G 
A+) of h and u{x) = X]aeA+ ^afa- The twisted Verma modules are realized by A^jl^, where Iw 
is the left ideal of defined by 

Iw = {xa, 01 € n A”*", ot G w ~^n A’*') (2-6) 

with Xai = X, Xa2 = U, Xai+a2 = The list of all possibilities looks as follows: 

1 ) w = e, Ie = {x,y,z), Ayie •zi <C[dx,dy,df\-, 

2 ) w = si, Isi = {do,,y,z), Al/Is^ ~ 'C[x,dy,df\-, 

3 ) w = S2, Is2 = {x,dy,z), AI/Is2 zz C[d2,,y,d:,]] 

4 ) U) = S1S2, IsiS2 ~ {x, dy, dz), 2 /) • 2 ^]) 

5 ) w = S2S1, IS2S, = {d,,y,dz),Al/h,s,czC[x,dy,z]; 

b) W — 515251, Is-iS 2 S-i — {I^x 7 Hy, I^z}, '^ix/'^siS2Si — -2:] • 

In particular, the twisted Verma modules are realized as M“(A) ~ Al^//^, where tt™ : Q A^/ 
is defined by 


= 7’'»-i(A+p) o Ad('u; (2.7) 

with w~^ acting in the standard and not the p-shifted manner. Since : A^ Al2,,„ is an 
isomorphism of associative C-algebras, the composition 

( 2 . 8 ) 

gives the homomorphism tt™ : U{q) —> A^,,w of associative C-algebras and the twisted Verma 
modules are realized as M^(A) ~ A^,,n,/(1^)■ 

2.1 (Untwisted) Verma modules 

Let us first consider the case of Verma modules. The untwisted Verma module M®(A) = M|(A) 
for A = AiWi -I- A 2 W 2 is isomorphic to 

M;{X)^Al/Ie-C[d,,dy,d4, h = {x,y,z), (2.9) 

where the embedding tt\: q ^ A^ and so the g-module structure on A ^//g are given by 

= -9x + \ydz, 

<(/2) = -dy - \xd^, 

7ri(/i2) = -dz, 

= x'^d,, + {z- Ixy)dy + {jx'^y + Ixz)d^ + (Ai -h 2)x, 
t^x{ 02 ) = y'^dy -{z + Ixy)d,^ - {^xy'^ - \yz)d^ A (A 2 -h 2)y, 

7’‘A(ei2) = {xz + Ix^y)dx + {yz - \xy‘^)dy + (z^ -h jx^y‘^)dz + (Ai -h A 2 -f 4)z -h i(Ai - \ 2 )xy, 

TT^hi) = 2xd^ - ydy + zd^ -I- Ai -I- 2, 

T^\{h2) = —xdx A 2ydy A zdz -I- A 2 -I- 2. 


5 



This representation corresponds to the Verma module with the highest weight A = (Ai,A 2 ), and 
the Fourier dual representation acts in the Fourier dual variables on by 


^a(/i) = - 16 %, 

^a(/2) = -^y + 

+ i^xd^z: + ~ ~ 

^1(62) = ^xd^z + i^ydiy + ^izd^z - A 2 )% - \{£.x - Uzd^y)d^z:diy, 

^A(ei 2 ) = + izd^z - - ^2)% - - iyd^y - Ai + A2 - 

^a(^i) = -‘^^xdiz, + - ^zd^z + Ai, 

^ a (^ 2 ) = - ‘2-S.yd^y - izd^z + ^ 2 - 


The next result, which is easy to verify, determines the singular vectors responsible for the 
composition series of M®(A). It can be regarded as a degenerate case in the series of parabolic 
subalgebras with Heisenberg type nilradicals discussed in m- We write the statement for general 
highest weight A € 1)*, so that the number of singular vectors is reduced for the weights which are 
not dominant and regular. In particular, in the case A is a regular dominant integral weight there 
are six singular vectors. 

Lemma 2.1. Let A = AiWi + A 2 W 2 be the highest weight for the Verma module M®(A) ~ 
C[cla;, 9j,, 9^]. Then the singular vectors and their weights are 


1) v\ = 1, (Ai, A 2 ) 

2) Usi-A = (—Ai — 2, Ai + A 2 + 1), 

3) Vs^ x = (Ai + A 2 + 1, —A 2 — 2), 

4) = (-Ai - A 2 - 3, Ai), 

5) (A 2 , -Ai - A 2 - 3), 

(—A 2 — 2, —Ai — 2). 


The Hasse diagram corresponding to the affine orbit of the Weyl group W for a regular domi¬ 
nant integral weight A of s[(3, C) is drawn on Figure Hal The nodes of the overall graph correspond 
to Verma modules and the arrows are their homomorphisms, and the dots and arrows in each node 
(corresponding to a Verma module) represent the singular vectors and the Verma submodules they 
generate, respectively. 


2.2 Twisted Verma modules for w = si 

For w = si, we have = {dx,y,z), M“(A) ~ and 

^rAi,A2) = 7 ^(-Ai-i,Ai+A2-h2) o Ad(w-i) (2.10) 

since w~^{X + p) = w“^(Ai -I- 1, A 2 -I- 1) = (—Ai — 1, Ai -|- A 2 -I- 2) for A = AiWi -I- A 2 W 2 . Because 

Ad(w“^)(ei) = -/i, Ad(w“^)(ei 2 ) = 62 , Ad(?i;"^)(e 2 ) = -ei 2 , 

Ad(w"^)(/i) =-ei, Ad(u;”^)(/i 2 ) =/ 2 , Ad(u;"^)(/ 2 ) =-/ 12 , (2.11) 

Ad(w“^)(ft.i) = -hi, Ad{w~^)(h2) = hi + h2, 
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Figure 1: Generalized weak BGG resolution for w = e and w = si 


we obtain 

(/i) = - {z- \xy)dy - (jx^y + \xz)dz + \ix, 

<(/2) = 9., 

<(/i 2 ) = -dy - 

7r“(ei) = dx- \ydz, 

(62) = -{xz + \x^y)dx - {yz - \xy'^)dy - (z^ + \x^y'^)d^ - (A2 + 3 )z + i( 2 Ai + A2 + 3 )a;y, 
7’‘r(ei2) = y^dy - (z + \xy)d^ - {jxy'^ - \yz)d^ + (Ai + A2 + 3 )y, 

'^x{hi) = -2xd^ + ydy - zd^ + Ai, 

■^A (^ 2 ) = xdx + y9y + 2zdz + A 2 + 3. 

The vector 1 G <C[x,dy,dz\ has the weight A = (Ai, A 2 ). In the partial Fourier dual picture of the 
representation, the Lie algebra g acts on the polynomial algebra C[a;,^y, &] by 

^A (/i) = 4% - - Ai) - ^x{^y - 

^r(/2) = c., 

^r(/i2) = -iy - ia;^z, 

^A (ei) = dx + 

^“(62) = {xdx - - 6% + ^2)% + ^x{xdx + - 2Ai - A2 - 1)%, 

^r(ei2) = 9 ^% + ( 4 % + - Ai - A2 - 5)95,^ + ia;(a,r - 

^A (^ 1 ) = -2a;i9a; - % +65?.+^!, 

tta (ft.2) = xdx - 4 % - 2 ^ 5 ?. + ^2- 
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Lemma 2.2. The twisted Verma module M^{X) for A = AiWi + A2a;2 is generated by one vector 
vx- For Ai ^ No this generator is ua = 1 G C[a:, dy, dz], while for Ai € No the generator is equal to 
vx = e C[x,dy,dz\. 

Proof. We observe 7r“(/f)l = for k G Nq. It follows that the vectors {'Xxifi)^] k £ 

No} generate the subspace C[a;] C <C[x,dy,dz\ for Ai ^ No- Further, for Ai G No we have 
■K'f{e\)x^'-'^^ = and 'Xxifi)x^^~^^ = (—for k G No, and therefore 

the vectors {'Xx{fi)x^^~'~^, Tr'^{ei)x^^~^^; k G No} generate again the subspace C[a;] C C[x,dy,dz]. 
Now, from the form of elements 7r“(/2) = dz and iTxif 12 ) = —dy — ^xdz the rest of the proof 
easily follows. 

Lemma 2.3. Let A = Aiwi + A2a;2 and let be the left ideal of U{g) defined by 

(ei, 62, ei2, hi — Ai, /i2 — A2) if Ai ^ No, 

(e2, ei2, /lei, hi + Ai + 2 , h2 — Ai — A2 — 1 ) if Ai G No- 



□ 

( 2 . 12 ) 


Then we have [/(g)//™ ~ M“(A) as g-modules. 

Proof. Let us consider wa = 1 mod J™ as an element in U{Q)/If^. The generator vx of M^(A) 
constructed in Lemma l^^ allows to define a homomorphism (p: {7(g) —>■ (A) of U ( 0 )-modules by 
(/ 3 ( 1 ) = Vx. Since the generator vx is annihilated by the left ideal /“ of {7(g), we get the surjective 
homomorphism (p: U{q)/I'^ —>■ M^(A) of {7(g)-modules. Then (p is an isomorphism once we prove 
that the modules have the same formal characters. There are clearly two complementary cases to 
be considered: 

i) Let us assume first Ai ^ Nq. Then hiwx = Aiwa and h 2 Wx = X 2 WX, therefore U{t})wx = 
Cwx. By eiWA = 0, e 2 Wx = 0 and ei 2 WA = 0 it follows U{n)wx = Cwx. The PBW 
theorem applied tog = h©()©nis equivalent to {7(g) = {7 (h) {7 (n) {7(f)), hence we get 
^(fl)/^A = t^(fl)wA = {7(h)wA. But the characters of {7(g)//}} and M™(A) are equal, 
because {7(g)//}} is free {7(h)-module generated by wx and hence a Verma module with the 
highest weight A. 

ii) Let us now assume Ai G Nq. Then hiwx = (—Ai—2 )wa and h 2 Wx = (Ai+A 2 + 1)wa, therefore 
U(())wx = Cwx- By e 2 Wx = 0 and ei 2 WA = 0 it follows that {/(n^ fl n)wA = Cwx. We have 
e^^'^’^WA = 0, and so l/(nw H n)wA = 0feLo^CeiWA. Finally, the condition ficiwx = 0 
implies an equality of vector spaces 

U{nzu nh){7(hu, nn)wA = Cb/^+^^'^wa © 0fegpj^C/fwA. 

By PBW theorem applied to the vector space decomposition g = (hu, fl h) © (riu, fl h) © (hu, n 
n) © (riu, n n) © [) we get 

{7(g)//}} = {/(g)wA = U{n)wx © n h) Cb^+'-'^wa, 

where we used the fact that U[Q)/I'f is a free {7(n^ n h)-module. Hence the characters of 
{7(g)//}} and M^{X) coincide. 

Hence the proof is complete. □ 

The structure of si-twisted Verma modules M“(A) for the highest weights A G t)* lying on the 
afhne orbit of W for an integral dominant weight is shown on the list below. Namely, the points on 
the figures denote singular vectors in A/}" (A) or some of its quotients, where the vectors which were 
not singular vectors in the former twisted Verma module are singular vectors in a quotient Verma 
module. The composition structure among these vectors is expressed by the arrows: there is a 
directed arrow from one vector to another vector if and only if for any choice of vectors projecting 
under a quotient homomorphism onto singular vectors is the latter vector generated by the former 
vector. 

The structure of M^(A) for a specific highest weight A G f)* follows immediately from Lemma 
12.31 and its proof. If Ai ^ No, then M“(A) is isomorphic to the Verma module M®(A). On the 


other hand, if Ai G Ng, then M^{X)/N^{X) is isomorphic to the Verma modnle M^{si ■ A), where 
N^{X) is the g-submodnle generated by 1 G C[a;, dy, dz\- 



1 


y.-^! +1 




x,+i^Ai+A2+i 

{xdz - 2 i 9 j ^)^ i +^=+2 


(Ai + fe + 3)afe4-2 — 

Aiafc+i + {/c + l)afc 



1 

^ Ai + A 2+2 _ 25 j ^)^2 + 1 

{xdz — 



{xd, - 2dy)^^+^ 


yj X 

^Ai +A2+2 ^Ai +1 


A 1 +A 2+2 



1 


^A2 + 1 



1 


^ z 


• 1 

Let us recall that we have the twisting functor Tyj-. O ^ O. If we apply this functor to 
the standard BGG resolution for Verma modules shown on Figure HaJ we obtain twisted BGG 
resolution shown on Figure fTbl 

Let us describe the homomorphisms between twisted Verma modules M™(X) drawn on Fig¬ 
ure M explicitly. Because M™(A) is generated by one vector v\ G M^{X), a homomorphism 
ip: M“(A) —>■ is uniquely determined by p{v\) G M^{p). 




1 !->■ {xdz - 2i9y)'''=+^ 
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1 









• • 




1 ^ {xdz - 






A - 

A 

\ / 

• 

w 

• 



A: - 

- *xt 

\ / 

• 

w w 

\ / 

• 



jxt - 

-* K 

\ / 

• 

\ / 

• 


2 .A 2+1 1_^ ^ 


2.A2+1 x^^~^^{xdz — 29 y)'^i+^ 


2 .A 1 +A 2+2 2_ 


2.A1+A2+2 ^ ^Ai + l^^A^+l^('A 2 + l^^^(- 2 .g^^fegA 2 + l-fe^^ 

(Ai + fc + 3)afc+2 = Aiafe+i + (/c + l)afc, a_i = 0, oq = 1 


jj,Ai + l 2 ^ 


There is another aspect of the composition structure of twisted Verma modules, related to a 
choice of Lie subalgebras of sl(3, C). As for the parallel results for (untwisted) Verma modules, we 
refer to [TO], m- For concreteness, we shall stick to the case of the Lie algebra s[(2, C) embedded 
on the first simple root of s[(3, C). 

Lemma 2.4. Let us consider the Lie subalgebra sl(2,C) of the Lie algebra s[(3,C) generated by 
the elements {ei,/i,hi}. Then the set of singular vectors for this Lie subalgebra, i.e. v G M^(A) 
such that 7r™(ei)u = 0, is given by Cldz^xdz — 2i9y], and the corresponding weight spaces with 
respect to the Cartan subalgebra C/ii of s((2,C) are 

0 Cdl+^\xdz - 2dyf (2.13) 

6 GN 0 


with the weight (Ai + o)a;i. 

Proof. First of all, we claim that there is an isomorphism of graded C-algebras 

C[a;, dy, dz] ^ <C[dz,xdz - 29y] ®c C[x] (2-14) 

with deg(a;) = 1, deg(i9y) = 2 and deg(92;) = 1. The mapping is clearly surjective, and the fact 
that X, dy, dz are algebraically independent implies by induction on the degree of dy the algebraic 
independence of x,xdz — 2dy,dz, hence the claim follows. 

An elementary calculation shows that any element in C[dz,xdz — 2dy] is in the kernel of 7rj['(ei), 
hence the action of 7r™(ei) on C[dz,xdz — 2dy] ®c C[a:] reduces to the action of 1 0 ida,. Therefore, 


10 


the kernel of 7 r“(ei) on <C[dz,xdz — 29^] ( 8 )c C[a;] is equal to <C[dz,xdz — 2dy\ ( 8 )c C, and thus to 
€.[dz,xdz — 29y] by the isomorphism (|2.14|) . □ 

After the application of partial Fourier transform, the isomorphism (12.141) can be interpreted 
as a graded version of the Fischer tensor product decomposition for the graded algebra C[a:, ^z] 

with respect to the differential operator dx + ^^zd^y, cf. [5]. Though we were not able to find an 
explicit result on the branching rules for twisted Verma modules in the available literature, the 
coincidence of their characters with characters of (untwisted) Verma modules suggests branching 
rules in K{0) parallel to those derived in [TT] . 

2.3 Twisted Verma modules for w = siS 2 

For w = siS 2 , we have = {x,dy,dz), M“(A) ~ C[i9a;, y, x], and 

o Ad(u;"^) (2.15) 

since w~^{X + p) = w“^(Ai + 1, A 2 + 1) = (A 2 + 1, —Ai — A 2 — 2) for A = Aicui + A 2 W 2 . Due to 

Ad(ui“^)(ei) =-/ 12 , Ad(w“^)(ei 2 ) =-/ 2 , Ad(u;“^)(e 2 ) = ei, 

Ad(u;"^)(/i) = -ei 2 , Ad(ui"^)(/i 2 ) = - 62 , Ad(h;"^)(/ 2 ) = /i, (2.16) 

Ad(w“^)(hi) = -hi - h2, Ad(zi;“^)(/i2) = hi, 

we obtain 

(/i) = + lx'^y)9x - {yz - \xy^)dy - (z^ + \x^y^)dz + (Ai - l)z - i(Ai + 2 A 2 + ‘3)xy, 

tta (/ 2 ) = -dx + \ydz, 

tta (/ 12 ) = -y'^dy + {z+ \xy)dx + {\xy‘^ - \yz)dz + (Ai + A 2 + l)y, 

< (ei) = dz, 

7 r“( 62 ) = x^dx + (z - \xy)dy + {\x^y + \xz)dz + (A 2 + 2)x, 

7r™(ei2) = dy + \xdz, 

(M) = -xdx - ydy - 2zdz + Ai - 1 , 

(^ 2 ) = 2xdx - ydy + zdz + A 2 + 2. 

The vector 1 G €\dx,y,z\ has the weight A = (Ai,A 2 ). In the partial Fourier dual picture of the 
representation, g acts on C[^a,,y, z] by 

(/i) = -z{-^xd^y, + ydy + zdz - Ai) + ^^(-^ 0 ;% - ydy - \yd^^dz + 2 A 2 + Ai + 1)5^^, 

^r(/2) = -ix + \ydz, 

^xifi 2 ) = ^xz - yiydy + \zdz -\ 1 -\ 2 -\)- ^iix + ^ySz)^^^, 

^“(ei) = dz, 

^x{e2) = zdy + {^xd^y, - \zdz - A 2 )% + \y{dy + 

^r(ei2) = dy- 5%5z, 

^A (^ 1 ) = ^xd^,, - ydy - 2zdz + Ai, 

^A (^ 2 ) = -‘2ixd^^ - ydy + zdz + A 2 . 

2.4 Twisted Verma modules for w = S 1 S 2 S 1 

For w = S 1 S 2 S 1 , we have = {dx,dy, dz), (A) ~ C[x, y, z], and 

= 7r(-A2-i.-Ai-i) o Ad(u>-i) (2.17) 
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since w ^{X + p)=w ^ (Ai + 1, A 2 + 1) = (—A 2 — 1, —Ai — 1) for A = AiWi + A 2 W 2 - Due to 

Ad('u;"^)(ei) = -/2, Ad(w"^) = /12, Ad(w"^)(e2) = -/i, 

Ad{w~^){fi) = - 62 , Ad(w“^)(/i 2 ) = 612 , Ad(w“^)(/ 2 ) = - 61 , (2.18) 

Ad(w“^)(/ii) = -/i 2 , Ad(w~^)(ft, 2 ) = -hi, 


we obtain 


(/i) = -y^dy + {z+ ^xy)da, + ijxy'^ - \yz)d,, + Xiy, 

'^xih) = -{z- ^xy)dy - {jx'^y + \xz)dz + X2X, 

tta (/12) = {xz + ^x'^y)d,^ + {yz - \xy‘^)dy + {z"^ + \x^y‘^)d^ - (Ai + A2)z + d(Ai - X2)xy, 

tta (ei) =dy + \xdz, 

tta (62) = dx- 52 / 5 ^, 

7 rr(ei 2 ) = -dz, 

tta (/ii) = xdx - 2 ydy - zd^ + Ai, 

tta (/12) = - 2 xdx + ydy - zd,, + A2. 


The vector 1 G <C[x, y, z] has the weight A = (Ai, A 2 ). 


3 Outlook and open questions 

Let us finish by mentioning that many properties of (untwisted) Verma modules are not known for 
twisted Verma modules. For example, it is not clear which twisted Verma modules are over U (g) 
generated by one element. It is also desirable to understand when a given twisted Verma module 
M“(A) belongs to a parabolic Bernstein-Gelfand-Gelfand category Of associated to a parabolic 
subalgebra p C g. This is a non-trivial task, because the choice of p heavily depends on the twisting 
w G W. Another question is related to the realization of twisted Verma modules on Schubert cells 
- as for s((3,C) there are six of them, but there exist altogether eight possibilities for an ideal 
defined by annihilating condition for three variables out of the collection x, dx, y, dy, z, dz- What 
are the isomorphism classes of the remaining two s((3, C)-modules? 


Acknowledgments 

L. Kfizka is supported by PRVOUK p47, P. Somberg acknowledges the financial support from the 
grant GA P201/12/G028. 

References 

[ 1 ] Noriyuki Abe, On the existence of homomorphisms between principal series representations 
of complex semisimple Lie groups, Journal of Algebra 330 (2011), no. 1, 468-481. 

[2] Henning H. Andersen and Niels Lauritzen, Twisted Verma modules, Studies in Memory of 
Issai Schur, Progress in Mathematics, vol. 210, Birkhauser, Boston, 2003, pp. 1-26. 

[3] Alexander A. Beilinson and Joseph N. Bernstein, Localisation de Q-modules, C. R. Acad. Sci. 
Paris Ser. I Math. 292 (1981), 15-18. 

[4] Boris L. Feigin and Edward V. Frenkel, Affine Kac-Moody algebras and semi-infinite flag 
manifolds. Comm. Math. Phys. 128 (1990), no. 1, 161-189. 

[5] Ernst Fischer, Uber die Differentiationsprozesse der Algebra, J. Reine Angew. Math. 148 
(1918), 1-78. 


12 



[6] Edward V. Frenkel and David Ben-Zvi, Vertex Algebras and Algebraic Curves, Mathematical 
Snrveys and Monographs, vol. 88, American Mathematical Society, Providence, 2004. 

[7] Ryoshi Hotta, Kiyoshi Takenchi, and Toshiyuki Tanisaki, T>-Modules, Perverse Sheaves, and 
Representation Theory, Progress in Mathematics, vol. 236, Birkhauser, Boston, 2008. 

[8] James E. Humphreys, Representations of Semisimple Lie Algebras in the BGG Category O, 
Graduate Studies in Mathematics, vol. 94, American Mathematical Society, Providence, 2008. 

[9] Masaki Kashiwara, Representaion theory and P-modules on flag varieties, Asterisque 173- 
174 (1989), 55-109. 

[10] Libor Kfizka and Petr Somberg, Algebraic analysis on scalar generalized Verma modules of 
Heisenberg parabolic type I.: An-series, (2015) arXiv: 1502.07095 

[11] Toshiyuki Kobayashi, Restrictions of generalized Verma modules to symmetric pairs. Trans¬ 
formation Groups 17 (2012), no. 2, 523-546. 

[12] Toshiyuki Kobayashi, Bent 0rsted, Petr Somberg, and Vladimir Soucek, Branching laws for 
Verma modules and applications in parabolic geometry. I, (2013) arXiv: 1305.6040, 

[13] Wolfgang Soergel, Character formulas for tilting modules over Kac-Moody algebras, Repre¬ 
sent. Theory 2 (1998), 432-448. 


(L. Kfizka) Mathematical Institute of Charles University, Sokolovska 83, 180 00 Praha 8, Czech 
Republic 

E-mail address: krizka@karliii.mff.cuiii.cz 

(P. Somberg) Mathematical Institute of Charles University, Sokolovska 83, 180 00 Praha 8, Czech 
Republic 

E-mail address: somberg3karlin.mff.cuni.cz 


13 


